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POWER SERIES SPACE REPRESENTATIONS
OF NUCLEAR FRECHET SPACES
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ABSTRACT. Let E be a nuclear graded Fréchet space such that the norms satisfy
inequalities || ||,2( < Cell gyl llgyq forall k,let F be a graded Fréchet space

such that the dual (extended real valued) norms satisfy inequalities || ||,':2 <
Dill llz—ill llz,, forall k,andlet A4 be a tame (resp. linearly tame) linear
map from F to E . Then there exists a tame (resp. linearly tame) factorization

of A through a power series space Af,o (a) . In the case of a tame quotient map,
E is tamely equivalent to a power series space of infinite type. This applies in
particular to the range of a tame (resp. linearly tame) projection in a power

series space A;(a) . In this case one does not need nuclearity. It also applies
to the tame spaces in the sense of the various implicit function theorems. If
they are nuclear, they are tamely equivalent to power series spaces A__(a) .

The question whether certain Fréchet spaces have isomorphic representa-
tions as Kothe sequence spaces has become more and more important. On one
hand, by examples of Mityagin-Zobin [28], Djakov-Mityagin [2] and others, it
has become clear that in general, even for the nuclear case, a representation
is not possible. On the other hand, the theory of operators in Fréchet spaces
has developed tools which are more or less connected to such representations.
An important open problem is, for instance, whether complemented subspaces
of nuclear Kothe spaces always have a basis, i.e., whether they are again iso-
morphic to Kothe spaces (see Petczynski [15]). This is not even clear for the
complemented subspaces of the space (s) or, more generally, of a power series
space A_ (o) of infinite type (except for special cases; see [4, 5, 10, 23, 27]).
Moreover, in this case it is of interest to determine the continuity estimates of
isomorphisms, in particular, to determine whether there are tame or linearly
tame isomorphisms (see [6]).

In the case of finite type power series spaces any complemented subspace is
again a finite type power series space (see Mityagin [12] and Mityagin-Henkin
[13]). The consequence of this for questions on the linearizatior of the basic
constructions of complex analysis are presented in Mityagin-Henkin [13]. Ex-
tensions and generalizations of the method of Mityagin-Henkin have also been
given in Dubinsky [3] and Krone [8, 9].
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In the present note we treat the infinite type case in view of the fact that
complemented subspaces of spaces A_ (a) can be characterized by topological
invariants (DN) and (Q). We start with a somewhat more general problem
and show by use of interpolation methods, that under certain conditions a con-
tinuous linear map 4 from a Fréchet space F to a Fréchet space E factors
through a power series space, and the characteristic of continuity can be esti-
mated. These conditions are satisfied, for instance, if 4 is a tame (resp. linearly
tame) linear map from an (Q)-space F in standard form, which means that the
dual norms for the given fundamental system of seminorms satisfy inequalities
I 12 < Dell Ils_ Il NIz, forall k, to a nuclear (DN)-space in standard form,

i.e., a space with norms satisfying inequalities || ||,2< < Cell eyl ey, for all
k . In this case the factorization is tame (resp. linearly tame) for the standard
norms in a power series space Aio(a). If in particular 4 is a tame quotient
map, this means that E is tamely equivalent to a power series space of infinite
type. This applies in particular to the ranges of tame projections in power series
spaces Aio (a) (cf. [4, 5, 23]). Here we do not need nuclearity.

The conditions are also satisfied for the identity in a nuclear space E ad-
mitting a family of smoothing operators in the sense of Moser [14]. The result
shows that these spaces are tamely equivalent to power series spaces A_ (a).
In particular the nuclear tame spaces in the sense of Hamilton [6] or Sergeraert
[18] are tamely equivalent to power series spaces (cf. [23]).

To prove the basic factorization result we use (in §1) an extension and gen-
eralization of the interpolation method used by Mityagin-Henkin [13] for the
finite type case. We use it in the form presented in [21, §1] (i.e., using only
invariants of (DN)- and (Q)-type). The generalization gives, by avoiding nu-
clearity (cf. Mityagin [11]), an improvement, compared with [21, §1], even in
the finite type case, which allows it to give a characterization of all subspaces
and quotient spaces of a given finite type power series space Aé(a) also in the
nonnuclear case (cf. [3, 20, 21, 25, 26]). This will be contained in a forthcoming

paper.
PRELIMINARIES

We use common notation concerning Fréchet spaces (see [7, 17]) and tame-
ness [6]. If a = (a, ;), ren 1S @n infinite matrix with 0 < a, , < a
sup, a, , >0 forall n, k , then we define

n,k+1°

2a) = {x = (X, Xy, )t xlE = 30 Ix, P Pal , < oo for all k}.
n

Equipped with the seminorms || ||, , & € N, this is a hilbertizable Fréchet
space. Hilbertizable means that there is a fundamental system of seminorms
defined by semiscalar products.

A graded Fréchet space is a Fréchet space with a fixed fundamental system
I, <Ill, < of seminorms. For a given matrix a, A*(a) is considered a
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graded Fréchet space with the above seminorms. In particular, for any increas-
ing sequence o, < o, < --- tending to infinity, we define Aio(a) =27 (a) with
a, , = ek . This is always regarded as a graded Fréchet space (power series
space of infinite type).

More generally for any r € RU {+00} we set

A(a) = {x = (X5 Xy een): ||x||f, =y |xn|2e2pa" < 400 for all p < r}.

Equipped with the norms || || ) this is a hilbertizable Fréchet-Schwartz space.
For any sequence p, / r the norms || || b’ k=1,2,...,are a fundamental
system of seminorms. For r < +oo (finite type power series space) we do not
distinguish a special fundamental system of seminorms.

A linear map ¢: F — E between graded Fréchet spaces is called linear-tame
if there exists a, b € Ny and C;, k € N, such that |lpx|, < Cllxl| .,
for all k; it is called tame if a can be chosen to be 1. A bijection is called
tame equivalence (or isomorphy), if it is tame in both directions. Systems of
seminorms on E are called tamely equivalent if identity is a tame equivalence.
A sequence --- 5 E B ... is called tame-exact iff im ¢, = kerg, and the
quotient seminorms on im ¢, are tamely equivalent to the seminorms induced
from E on kerg,. Amap ¢: F — E is called tame imbedding (tame quotient
map) if 0 = F L E — ... (resp. F % E — 0) is tame-exact. All these
notations apply in an analogous manner to “linear-tame”.

If E is a linear space, U, V are absolutely convex sets, and F C E is a
linear subspace, then we have

dlU,V;F)=inf{d >0: U CcdV + F}
which is in [0, +o0]. We have
d,(U,V)=inf{d(U, V; F): dimF < n}.
This is called the nth Kolmogorov-diameter of U withrespectto V. If UcCV
are Hilbert balls and U in V' is precompact, then the d,(U, V') are equal to
the characteristic numbers of the imbedding of the associated Hilbert spaces.

For any continuous seminorm | || on a locally convex space E, |y||* :=
sup{|y(x)|: ||x]| £ 1} denotes the extended real valued dual norm.

1

This section contains the basic construction and the main result. The for-
mulation is somewhat technical. It will be adjusted later to the most interesting
special cases.

Let F, H, E be Fréchet spaces with fixed increasing fundamental systems
of seminorms || ||, < || ||, <---. Weput U, ={x:|x|[, <1} in F, H, E.
We assume that F is separable and that the seminorms in H are defined by
semiscalar products ( , )., L.e., ||x||,2( = (x,x), forall x € H. We call F,
(resp. H,, F,) the Banach spaces defined by || ||, . H, is a Hilbert space for
all k.
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Let A,: F - H, A,: H— E be continuous linear maps such that ||4 jxu e S
lx|l, for j=1,2 and all k. We put 4 = 4,04, . We assume that there is
a g, such that the map F, o™ H, induced by A, is compact, or equivalently
that Aqu0 is Uj-precompact. This is satisfied for instance if F or H is a
Schwartz space.

It does not mean an additional restriction on A to assume, as we will do
from now, that 4, is injective. Moreover we make the following assumptions:

(a) Forall k and K > k there exists £ >0 and M > 0 such that for all
xekE

+1 m
Il < Mllxlglixllg-

(w) There exists ¢, such that for all 0 we have v >0 and D > 0 such
that for all y € F'

*v+1

I¥1;7" < DIlly Iyl
4y Qo

We may assume without loss of generality that the g, in (@) and the g,
mentioned above is the same.

Forall k, K>k and g > q,, Q weput u,(K, k) =sup of all x4 such that
with some M the inequality in («) holds for all x € E, and v,(Q, ¢) = inf
of all ¥ > 0 such that with some D the inequality in (w) holds for all y € F’
(with ¢ instead of ¢,).

Then uy(K, k) and v,(Q, g) are increasing in the first variable and decreas-
ing in the second variable. We make the following crucial assumption:

(1) For every k there exist ¢ = g(k) such that

. vy(Q+2,q)+1
lim sup -2
oy T g0, k) + 1

Obviously the condition does not change if we replace Q +2 by @+ 1.
However we have to use ¢g(k) as defined in (7).

Well-known arguments (cf. [19, 24]) show that the inequalities in (a) and
(w) can be written as

(@ I llg < 7ll g+ M|l Nl /r* for r>0,
(@) U, Cr'Uy,+D'U,/r for r>0,

with modified constants M’, D'. Such inequalities hold for K > k and
u< uy(K, k), and for g > ¢, and v >y (Q, q).

By applying (@) (resp. (w)) to u' with u < 4’ < Uo(K , k) (resp. v
u' —u (

<L

with v > v’ > v(@, q)) and cancelling M’ with r

viv'

resp. replacing r by
r and cancelling D' with P _1) for large r we obtain constants R(K, k)
depending on the choice of x4 and v such that

@) e <rllllg+ Il ll/r* for r > R(K, k),
(@) U, cr’Uy+Uy/r for r> R(Q, q).
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We shall use a generalization of an interpolation argument of Mityagin and
Henkin [13] (cf. Introduction). Basic for this is Lemma 1.3, which provides us
with the “dead-end space” together with the information needed in the interpo-
lation. It needs a preparation, which uses only that 4,U 4 is U,-precompact in
H.

We assume, without loss of generality, that U, > U, D --- is a basis of
neighborhoods of zero.

1.1. Lemma. For any sequence (A(k))kZ @ of positive numbers and any se-
quences (9;);> @’ (Wi)i> @ of positive real valued functions on R there exist
a strictly increasing sequence (C(k))kzqo with C(K) > A(K) and C(K + 1) >
v (C(K)) forall K > q, and a total (= linear span dense) null-sequence (x,),
in F such that with By = {x,: n € N}:

(1) A,U, C 4,By+ Uy/9,(C(K)),

(2) B,C C(K)Uy
forall K > gq,.
Proof. Since F is separable we have a countable total subset {¢,: n € Ny} . We
may assume &, € qu +n forall n. We determine inductively finite sets N , C Uq

in F and constants C(g) > 1, g > g,. We start with C(q,) according to the
(then noninductive) definition below.
Assume Nqo’ coos Np_y, Clqp), ..., C(K = 1) are chosen. Put

C(K) =max{||x|x, x€N,, < qg<K-1;y, (C(K-1);
C(K-1)+1; AK); 1}.

Then there exists a finite set N, C U in F with ¢ @€ Ny and

(3) AUy C AN+ Uy/p(C(K)).

We put B, = Uquo N,. Then B, = {x,: n € N} where (x,), is a null-
sequence. Inclusion (1) follows immediately from (3). For (2) we prove N, C
C(K)Ug. For q = q,,..., K -1 we have N, C C(K)Ug by definition of
C(K), and for g > K we have N,cU, cUg and the inclusion follows from
CK)>1.

The next lemma is true for any hilbertizable Fréchet space H .

1.2. Lemma. Let (b,), be a null-sequence in H, sup, ||b,|l < C(K) for all
K > gq,, and Z?:qo ey < 1. Then there exists a compact Hilbert ball B C H
such that {b,:n € N} C B C C(K)Ug/ex forall K > q,.

Proof. We may assume without restriction of generality that {b,: n € N} is to-
tal. We fix K and a sequence (5n)n =1, 2,... suchthat {13”: n=1,2,...} =
{b,:neN,|b,llx >0} and d, = ||Bn||K is decreasing. We apply the Gram-
Schmidt orthogonalization method to the sequence b,, b,, ... and obtain an
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orthonormal system 4, h,, ... such that
n
bn = Z<bn ’ hk)th ’
k=1
hence

n
2 5 2
n= Zl(bn’ hk>K|
k=1
for all n. We put
1
(xa y)K :=Z?('x3 hk)]((hkay>](
k %k
and, using |x|§< = (x, X)g , we obtain
n
;2 - 2
Ibn|1( = Z "?l(bn s hk>1(| <l1
k=1 %
for all n, hence |b |, <1 forall n. Certainly {x: |x|, < 1} is compact in
Hy and || |x <d,||x < C(K)| |-
We put
— 2
(x’y>B= ZSK(X,)/)K, le”B:(X’x)B'
K=q,

Then B = {x:||x||; < 1} is compact in H and satisfies the assertion of the
lemma.

We now choose functions u(K, k) < (K, k) and v(Q, q) > v,(Q, q)
increasing in the first variable and decreasing in the second variable such that
with suitable d(k) > 0 we have

() v(Q+2,qk)+1<(1-6(k)(u(Q,k)+1) for large Q.

1.3. Lemma. There exists a compact Hilbert ball B C H and an increasing
integer valued function Q(r) such that:

(1) Q(e") < Q(r)+ 1 for large r.
(2) With hi(r) = PN a0 d suitable constants C, we have

' r
14,x], < C, (rnxno N ann,,)

forall k >gq, and r > 0.
(3) With g,(r) = P QUL ynd suitable C, we have

&g,(r)
r

1 .
AquCCq (7U0+ BﬂlmAl>
forall ¢>gq, and r>0.
(4) AI_IHB is dense in F .
(5) Hynim A, is dense in the Hilbert space Hy .
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Proof. We choose a decreasing sequence &(Q) such that for any k the inequal-
ity u(Q, k)+e(q) < uy(Q, k) holds for large Q. We determine R(Q, k) such
that (o') and (') hold for u = u(Q, k) +¢&(Q) and v =v(Q, k).
We chose increasing sequences S(/) > 0 and a(Q) > 0 tending to infinity
such that
. R(l+1,9) . v(@+1,9)
W ATSD . T e

forall ¢g.

S 2eK)/e(K) e(K+1)x2¢®) 2

We apply Lemma 1.1 with ¢,(x) = , We(x) = e
and A(K) = max{2¥*"; S(K)*®%} and obtain B, C F according to 1.1. By
application of Lemma 1.2 with ¢, = 27% 1o A, B, we obtain a compact Hilbert
ball B C H with 4B, C B (hence assertion (4)) and
(2) AU, c B, +C(K) 00y

2
(3) Ixllg < CK) |lxllg

for all K > g, where B, = BNimA4, .
For large r there exists one and only one Q = Q(r) with

(4) (@@ <r<c+ 1)
This implies S(Q) < r. Since Q(r) is increasing and lim ___ O(r)

=+
we have from (1) that R(Q(r)+ 1, q) < r for large r. Then (@), (2), and
give us for large r with Q = Q(r):

_ 1
AU, C r”(Q“"”Bl + (r"‘Q“’")C(Q+ )" 2@+ D/e(@+1) | 7) U,

_ 1
(5) c ru(Q+l,q)Bl + (ru(Q+1,q) a@+1) 7) U,

cretag 2y
1t 7 %:

[0.9)

(4)

From (a'), (3), and (4) we obtain for large r with Q = Q(r):
c(Q)’

4y x1l, < rlixlly + mﬂxﬂg

(6) |
<rlixllp + ‘rm||xl|3~
This proves (2) and (3) of the assertion for large r, hence for all r > 0 with
suitable constants. Assertion (1) follows from

2/e(Q)
€C(Q) <C(Q+ 1)2/8(Q+l)
if one applies it to Q = Q(e’) — 1 and uses (4).
Finally we replace B by B ﬂimAlH" if necessary and so fulfill (5) in the
assertion, without destroying (1)-(4).

We shall use the following modification of the fundamental lemma of inter-
polation theory (cf. [1, p. 45]).
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1.4. Lemma. Let G, L be linear spaces, || ||, < || Il < || |, seminorms on
G (resp. on L) and A: G — L a linear map with |Ax||; < Cllx|l;, j =
0,2. Let ¢ and y be increasing positive real-valued functions on R, such that
s < 9(s) < w(sh(s)), where h is a function with 3 ;> h(2") < C < +oo. We
assume that

Ixll, < € <r||x||0 i ﬁuxuz) forallr>0, xeL,

vccC (%UO + @%) forallr >0,
where U={xeG:|x|l; <1}, j=0,1,2, C aconstant, C > o(1). Then
with D = 4C*(C, + C,) we have ||Ax||, < D||x||, forall x€G.
Proof. Let x € U,. For every n € N, we have x, € C27"9(2")U,, y, €
CZ_"U0 with x =x, -y, . Since x, - x, ., =y, —y,,, We obtain
_r
w(r)

_ 24-nel p(2")
=2 r(coqrc2 o

|4x, — Ax, ||, < C <rcozc2‘" + czzcz‘”;o(z"“))

<4CH(Cy + CHR™)
with r =2"""h(2"*"). Since C > ¢(1) > 1 we may assume x, = 0 and obtain

sup || 4x, ||, < 4C>(C, + C,) = D.
n

Using ||y, |, < C27"p(2") + ||x||, we get

—n r —n n r
A < ( C( + ——C( + —0C,llx
” y,,”] — (r 0 2 V/(r) 2 2 ¢(2 ) W(r) 2“ “2)

< C(C,C + C,C + G| x||,)h(2")
with r =2"h(2"), hence ||4x||, < D + const-A(2"), which yields the result.

Remark. If (27" (2")) , 1s unbounded the last estimate is unnecessary, since
we may assume y, = 0 for some n,ie., x, =Xx.
We come back to the functions g (r) and h,(r) defined in Lemma 1.3.

Using (') we obtain

gq(r) — ru(Q(r)+l,q)+1 < r(l—ﬁ)(ll(Q(f)—l,k)H)

(1-8)(u(Q(r' %), k)+1) 1-6

<r = h(r

for large r with § = J(k) and ¢ =q(k).
Hence we can find an increasing function g, (r) > 1 and ¢ = g(k) such that
with y,(r) = P we have g,(r) < yk(rl—g) and y,(r) < h,(r'~®%) for large r.

)
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Let a, be the nth characteristic number (cf. [16, 8.3.2]) of the imbedding
Hy, — H,. We put a, , = yk_l(l/an) , where for an increasing function y we
define s = y_l(t) by y(s—) <t < y(s+), and obtain with a = (anyk):

1.5. Theorem. There are linear maps S: F — 2 (a) and T: A2 (a) = E such
that A=ToS, imS is dense in Az(a) , T is injective on im S, and

1Sxlle < Cellxllguey > NTxlk < Cllxlly

Jor k > q, with suitable constants C, .

Proof. We apply the spectral theorem (see [16, 8.3.1]) to the compact imbedding
Hy — H; and obtain orthonormal systems (b,) in H, and (f,) in H, such

that
o0
=Y a,(x,b
n=0

for every x € Hp, where the series converges in H,. (b,) is complete.
For x € Hy we put x, = (x, f,), and

o0
2 2 2
|x], = Zan,klxn| .

The series converges, since a, , < 1/a, and

o o]

1
Z —2 = |lx||3 < +o00
n=0 n

forall x € Hy. ||, is a norm since (b,) is complete in Hp.
For these norms we have

2 a1V E 2, 2 - 1 P 2
i< () St (o) 1kl
m — a

m+1
<Pl + (375 ) el

for large r and choosing m such that 1/a, <y, (r) <1/a, . We have used
that y_l(r) /r is decreasing. Using suitable C,’c we obtain

x|, < C (rnxno " %nxnﬂ)

forall x€ Hy and r > 0.
For xeV, = {x e Hy: x|, < 1}, large r, and m such that 1/a, <y, (r) <
1/a we have

m+1°

&= fo Z—xb € Hy, n=x-¢e€H,,

kO”
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and obtain

71 2 1 7,(r)
€l = (Z—zl ) < — <L
k=0 "n

a a7, (1/a,,) r

o 1/2 1 1
2
”'7”0 = ( Z |xn| ) <———"—X< e
k=m+1

vy (/)

Again we used that yq_l(r) /r is decreasing. We proved for all r > 0 with

suitable C;:
(1 7,(r)
Vq - Cq <7V0 + p B) .

From Lemmas 1.4 (set A(r) = r~°) and 1.3 we obtain

IIAZXHk < Dk|x|k

for all x € Hy and k > q,, and with suitable constants D, . Also, with
g =q(k), (then g > q))
|x[, < Dk”x”Aqu

for all x € HyNim A4, , hence
|4, x|, < Dy llx|l,

forall x e Al_l(HB) which is dense in F (by 1.3(4)).

We denote Hy equipped with the norms | |, by G and its completion by G.
G can be identified with {x e Hy: (x,), € lz(a)}. Since 4, maps AI‘I(HB)
continuously into G, it maps F into HNG. A, can be extended into a
continuous linear map ffz: G—E. Clearly 4 = /fz oA, and AA2 is injective
on HNG D> imA, . Since HyNim A, is dense in Hy, hence in G, im4, is
dense in G.

By x ~ (x,), we identify G with Az(a) and obtain from A4, (resp. 22)
maps S (resp. 7) with the desired properties.

Remark. If we put e, = A,(f,) = T(((Sj’n)j) and ¢,(x) = (4,x, f,),, L€,
Sx = (¢,(x)),, then

Ax = Z p,(x)e, forall xeF.
n

Hence every £ € im A can be expanded into a series £ =) ¢ e, . If there is
an estimate ||x||, < C,||4,x]|| k, for some k, then the coefficients are uniquely
determined and therefore im 4 has a basis.

In the most important cases either 4, or A, is identity (after our standard-
ization of a quotient map), i.e., E or F is properly hilbertizable. We formulate
the above remark for the first case.
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1.6. Corollary. If A, is an isomorphism, then im A has a basis.
If A is surjective, then certainly 4, is an isomorphism, and we obtain

1.7. Theorem. If A is surjective and ¢, U,y € AU, Jfor suitable ¢, > 0 and all

k, then T: A*(a) — E is an isomorphism with I Tx||, < C,lx|, and |T_1x|k <
Cillx e gryy/ & Jor t(k) > q,, where the D, are the constants from Theorem

Proof. The inclusion 1: G — H can be written as A4, ! o(4,|;) and is therefore

continuous. Hence G c H and, since A,|5 is also surjective, even G=H.
Therefore T is a topological isomorphism. The rest follows from 1.5.

Finally we want to look at special forms of g, and 4, and the isomorphic
type of Az(a). In many cases we have u(K, k) + 1 = pu,(K)/u(k) for certain
increasing functions u,(+) and u(-). Then for large r with 6 = d(k), assuming
u(k) > 1, we obtain

g (r) = PN+, a)+l < r(l—é)(ﬂ(Q(r)—l,k)H)

_ (1=38)/lk) — (1=0)/n(k)
< FU-ower ) k)+1) (r(l 6)/#(k))/10(Q(r )

IA

(1-8)(1o(Q(r' %))/ (k) 1-6
r i # =h(r ).

Therefore, with y(r) = r*0'9") and p(k) = 2u(k)/(2 - 6(k)) we can choose
n(r) = y(r'/?®)y for large r.

Similarly we get the same form of y,(r) with y(r) = ro@0+2 and plk) =
(1-6(k)/2)v(q(k)) if we assume v(Q, q)+1 = v (Q)/v(q) for some increasing
functions yy(-) and v(-).

In both cases we get A’(a) = Aj(a) with @, = logy"'(1/a,) and p =
sup, p(k), and for the canonical norms | |, in Af’(a) we have

'S'xlp(k) < Ck”‘x”q(k) ) 1Tx|l, < Ck'x!p(k)
for the maps S, T of Theorem 1.5.
2

In this section we assume that E is a nuclear (DN)-space in standard form,
ie., E is nuclear and a fundamental system of norms || ||, < || ||, < --- is given
such that, with suitable constants C, ,

2
I 1l < Cell Me— il ey

for all k € N. We may assume C, =1 forall k.

2.1. Lemma. There exist p and a system of scalar products ( , ), such that,
with |xli = (x, x), and certain constants D, , we have

e <1l £ Dl gy, SorallkeN.
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Proof. The assumption can be written as
I Il < %(r“ ”k—l + %” ”k+1) forallr >0,
which is equivalent to
B, C 3(rB,_, + 1B, ) forallr>0,
with B, ={y € E": |y|; < 1}.
This follows from the bipolar theorem (see [17, p. 126]) since for x € E the
norms on both sides of the inequality are the suprema of x, considered as a

function on E’, over the sets on the respective sides of the set inclusion.
For FCE' and d >d(B,_,, B,,,; F) we obtain

B, ci(rd+ 1B, ,+F foralr>0,
hence taking the infima over the d’s and r’s

d(B,,B,,;F)’ <d(B,_,,B,

k+1° +];F)

<d(B_,, By; F)d(B,, By,,; F).

Cancelling equal terms on both sides and taking inf over all subspaces F with
dim F < n we have

d (B, B, <d,B._,,B) forall k and n.
We choose p such that d, (B, Bp) = O(n—3) and apply the previous con-
struction to the norm system (| ||,,), . We obtain that d,(B,,, B

-3
Ip> ([+1)p) = O(n )
for all /, hence d,(B,, B,,,,) < a’n(B,p, By = O(n_3) for all £ (where
[ =[k/p]+1).

By [23] there is a Hilbert ball Ek and a constant C, for each k such that
B, C B, C C;B,,,,. Setting | |, =sup{|y(x)|; y € B,} gives the result (with
2p instead of p).

+2p

We assume that F is an (Q)-space in standard form, i.e., there is given a
fundamental system of seminorms such that, with suitable constants D, ,

*2 * *
Il < Dell flg—ill llgy, forallkeN.

Let A: F — E be a continuous linear map with [[4x|[, < C|lxl|,, for all
k . Then we can apply the theory of §1 to E, H = E, equipped with the norms
||, of Lemma 2.1, and to F equipped with the seminorms C, |l I, > Cr 2
suitable constant, p as in Lemma 2.1.

We have

K o(Q+p)—o(p)

#(Kak)+l—Fa V(Q’q)+1_a’(q+p)—0'(p)
and it can easily be seen that condition (7) means: limQ supa(Q)/Q < +o0.
Therefore we can restrict our attention to maps 4 with g(k) =ak +b, i.e., to
linear tame maps. In this case v(Q, p)+1 = Q/q and we obtain condition (7)

with g(k) =k + 1.
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From Corollary 1.6 we immediately obtain

2.2. Theorem. If E is a nuclear (DN)-space in standard form, and F a sep-
arable (Q)-space in standard form, then the range of any linear tame map has a
basis.

This applies in particular to linear-tame operators in nuclear power series
spaces of infinite type. In this case a direct proof is given in [5].

More detailed information can easily be obtained by evaluations the data in
Theorem 1.5. We do this in the case where A is even surjective. In this case
separability is not a restriction on F', since we may replace F by F/kerA
with the quotient norms, which is separable since it is isomorphic to FE .

The function p(k) at the end of §1 can be chosen such that k < p(k) < k+1
for all k. Hence we obtain, with the canonical norms | |, on Aio(a) ,

1Sx], < CellXlgghesps1y o s ITx]l < CelXlyeyy
and, using the notation of Theorem 1.7, we have

7!

C
k
x|, < Z”x”a<r<k>+p+1)+b'

Assuming (k) = a'k + b, we obtain
2.3. Theorem. Let E be a nuclear (DN)-space in standard form, and F an

(Q)-space in standard form, where F A E — 0 is tame (resp. linear-tame)
exact. Then E is tamely (resp. linearly-tamely) equivalent to a power series
space A (a).

Again this applies to tame (resp. linear-tame) operators in a power series
space of infinite type (cf. [5] and, for a projection which includes tameness
estimates, [23]). In particular the range of any tame (resp. linear-tame) pro-
jection in a space A () is tamely (resp. linear-tamely) equivalent to a power
series space.

An interesting special case of 2.3. is

2.4. Corollary. Every nuclear E which is tame in the sense of Hamilton [6]
or belongs to the category & of Sergeraert [18] is tamely equivalent to a power
series space A__(a).

Proof. In the Sergeraert case we may take ¢ = id, since E is a (DN)-space in
standard form and an (Q)-space in standard form. For the (DN) case see [18,
Theorem 2.2.2], and for the () case use the same argument, applied to Sl; .

In the Hamilton case E is tamely equivalent to a subspace of a space Z(B)
(see [6]), hence to a (DN)-space in standard form E,. Moreover we have a

tame exact sequence X(B) % E, — 0.
3

In this section we continue and extend the last example. Let £ be a nuclear
graded Fréchet space admitting a family (S;),., of smoothing operators, i.e.,
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continuous linear operators such that, with suitable constants C, , ,

llSl,x||kka,mﬂk“’_ml[me foralm<k+p, 9>0, x€E,

k+p—mi

X = Sexlly £ G 0 |x||,, forallm>k+p, >0, x€E.

This is a family of smoothing operators in the sense of [14]. It is easily seen that
this class of graded Fréchet spaces includes both classes considered in Corollary
2.4.

We introduce the norms ||x||,” = D,|lx|l;2, on E. Then we have

~ 2kp
I1Spxll, < C9

||id —Sz,xH; <C3
for all kK and & > 1. Therefore

Ixle_s »

-2k ~
Pl

Ixlly < Crllxle_ + Hlxllz, )

for all r > 1, and even (by proper choice of C,'() for all » > 0. Hence E,
equipped with the norms || ||, is a (DN)-space in standard form.

According to Lemma 2.1, assuming p chosen large enough and by proper
choice of D, , there are scalar products ( , ), on E such that with |x|i =
(x, x), we have

Ixlly < xle < Il

We apply §1 to the identity maps between F = (E, || |I,,,), H=(E,|,),

and E = (E, | ||;). Conditions («) and (w) are satisfied with

KZ
K. k)+1=——,
WK, k) P
2 2 2
(g+1)p-2p q°+2g-1

Hence (1) is fulfilled with ¢ = g(k) such that k> +1 < ¢ +2g — 1. We
may choose g(k) =k for k=2,3,....

The p(k) at the end of §1 can be chosen such that K +1< plk) < k*+2.
We choose (different from §1) o, = p 'log y_l(l/an) . From Theorem 1.5 we
obtain linear maps S: E — Aio(a) and T: Aio(a) — E such that

15124 19p < Ciell Xl e 1y2p -

|lTx||kzp < Cklx}(kz+2)p ,

where | |, denotes the canonical normsin A_(a) and || ||, denotes the original
norms in E.
We denote Lemma 1.4 on interpolation first to S: E — Aio(a) with respect

to the norms | |, < ||, < |(K2 (for p < k and large K) on Aio(a) and
e = a1 =

+1)p
1, < 0, < 0 llgarp, on E, with w(r) = r
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(K*+Dp-p)/tk=p), v+1=(K+1)’p/(g—2p),and g=k+p+1. 1t
yields a constant D, such that |Sx|, < D,|x||,,,,, forall xeE.

Next we apply Lemma 1.4 to T: Aio(a) — E with respect to the norms
[Hlo < Il <N llg2, (for 0 <k andlarge K) on E and ||, <[], <||g2,,, on

2 . 2 2
A (@) with v, ¢ asabove, u+1 = K°p/(k+p), v+1 = (K°+2)p-p)/(q-p),
and g=k+2p+1.

We obtain

3.1. Theorem. A nuclear graded Fréchet space admitting a family of smoothing
operators (as defined in the beginning of this section) is tamely isomorphic to a
power series space of infinite type.

This clearly contains the result of Corollary 2.4. It should also be remarked
that we needed only that

k+p— k+p—K
el < €O xll, + 07 Ixlg)
m+p-— Q+p—
U, cco™? U, +9°77U,)

for m<k+p<K (resp. m<qg-p<Q), 3>0,and C = Cm,k,K (resp.
C=C, ,0-

If the norms || ||, are already given by scalar products, we can take E =
H=F and 4, = 4, =1id, and have (a) with u(K, k)+1=K/(k +p), (w)
with u(Q,q)+1=0Q/(g—p), and (1) with g(k) =g+ 2p + 1. In this case
we only need that E is a Schwartz space.

4

We show now that the results of §1 also include cases which are connected
with finite type power series spaces. In particular they contain and improve [21,
Satz 1.1], which is crucial for the structure theory of nuclear power series spaces
of finite type. Therefore they also contain the results of Mityagin-Henkin [13,
Theorem 1.1] (cf. Mityagin [12]) and Mityagin [11].

The following properties (DN) and (Q) characterize in the (strongly) nu-
clear case the subspaces and the quotient spaces of power series spaces of finite
type (see [4, 20, 21, 25, 26]). E denotes a Fréchet space with a fundamental
system || [l < | ||, £--- of seminorms.

(DN) There exists p such that for every k& there are K, x>0 and M >0
such that for all x € E

u+1 u
Xl < Mllx|, x|l .-

(Q) For every p there exists ¢ such that for all Q we have D > 0 such
that for all y € E’

*2 * *
vl < Diyll, Iylg-
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It is easy to see that both properties are independent of the fundamental

system of seminorms and that (Q) is equivalent to the following conditions:
Vp,v>03gVvQ3D>0VyeE'
Jv>0VpIgVQ3ID>0VyeE

E is called hilbertizable if it admits a fundamental system of seminorms defined
by semiscalar products.

*1+v

Iyl ™ < DIyl 1vIl-

4.1. Theorem. If E isa hilbertizable Schwartz space with properties (DN) and
(Q) then E = Aé(a) for suitable «.

Proof. Since (DN) and (Q) are independent of the fundamental system of
seminorms, we may assume that || ||, is defined by a semiscalar product. More-
over, we may assume that p = 0 in the definition of (DN). We apply §! to

E = H = F. Then (DN) gives (o) and (Q) gives (w). The first of the

equivalent forms of (Q) implies that limq sup,, vo(@, q) = 0. This shows

(r). Hence Theorem 1.7 tells us that E = 2 (@) and Wagner [26] tells us that
2(a) = A)(a).

The latter also follows by proper choice of y, . Assuming E is not Banach,
setting B, = (1 + q)(sup,,(Q, q) + 1)/q, and choosing ¢ = q(k) such that
B, < k(uy(Q, k)+1)/(1 + k), Q = Q(k) large enough, we may put y,(r) =
rPaw and obtain ay = (l/an)'/ﬁﬂ(’” . Hence with p, = I/ﬂq(k) /" 1 and

a, = —loga, we have E = Af(a) = A(z)(a) .

The previous theorem generalizes Theorem 1.1 in [21] and leads to a structure
theory of power series spaces of finite type in nonnuclear cases (in analogy to
[21, §2]). This will be carried out elsewhere. It should also be remarked that
for hilbertizable E or F, one of them a Schwartz space such that E has
property (DN) and F has property (Q) (see [22]), g(k) in (1) can be chosen
independent of k. Hence in this case every continuous linear operator from F
to E is compact. However, the method of [22, §6] gives a better result.

5

We close this paper by briefly showing the consequences of §1 to endomor-
phisms of power series spaces of infinite type. The results should be compared
with those in [5, 23]. The advantage is that we do not need nuclearity.

Let A be a linear map in Aio(a) with ||4x|, < C.llx|l ., - Then we may
argue as in the proof of Theorem 2.2 and obtain the following theorem from
Corollary 1.6, Theorem 1.7, and the open mapping theorem (cf. [5]).

5.1. Theorem. The range of A has a basis. If the range is closed, then it is
isomorphic to a space Aio( B).

In Theorem 2.3 we may replace the assumptions on E by the assumption
that it is closed subspace of Aio(a) . This leads in the case of a projection to
(cf. [5, 23))
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5.2. Theorem. The range of a tame (resp. linear tame) projection in Aio(a)
is tamely (resp. linear tamely) equivalent to a power space Aio( B).

It should be noticed that in the nuclear case Aio(a) is tamely equivalent to
A (o).

Acknowledgment. The author wishes to thank Ed Dubinsky and J. Krone for
useful comments and suggestions.
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